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A shear-lag model is derived for unidirectional multilayered structures whose constituents vary throughout the cross-
section through the extension of an existing optimal shear-lag model suitable for two-dimensional planar structures. Solu-
tion algorithms for a variety of boundary conditions are discussed. Numerical predictions for a single-ﬁber composite and
a unidirectional laminated composite are presented. Comparison of the predicted interfacial shear stresses and average
normal stresses to ﬁnite element analysis demonstrates that this shear-lag model can be used to rapidly estimate the average
normal stress distribution in the various constituents, although the interfacial shear stresses are less accurate. Possible
applications and limitations of the new model are ﬁnally discussed.
 2008 Elsevier Ltd. All rights reserved.
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The shear-lag method has been widely applied as a computationally eﬃcient analytical method to analyze
the stress distribution in ﬁber reinforced composite structures (Cox, 1952; Hedgepeth, 1961). Nairn and Men-
dels (2001) present an extensive review of the literature on shear-lag methods applied to axisymmetric and
two-dimensional (2D) planar geometries. Historically, many researchers have combined the shear-lag based
calculation of load transfer from broken ﬁbers to surrounding intact ﬁbers with statistical ﬁber failure models
for the prediction of composite strengths (Landis et al., 1999; Landis and McMeeking, 1999; Beyerlein and
Landis, 1999; Okabe et al., 2001; Okabe and Takeda, 2002; Xia et al., 2002). More recently, the shear-lag
method has been applied to estimate axial stresses in embedded optical ﬁber sensors for smart structures
(Yuan and Zhou, 1998; Ansari and Yuan, 1998; Yuan et al., 2001; Okabe et al., 2002; Prabhugoud and Peters,
2003; Li et al., 2006). The goal of this article is to extend the shear-lag method to multilayer unidirectional
structures where the geometry varies throughout the cross-section in a non-periodic manner. Fig. 1 shows0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
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Fig. 1. Example systems for application of optimal 3D shear-lag model: (a) optical micrograph of cross-section of ﬁber sensor embedded
between plies of a woven laminate graphite/epoxy composite system; (b) idealized model of laminated structure with embedded actuators
and sensors.
4050 G. Jiang, K. Peters / International Journal of Solids and Structures 45 (2008) 4049–4067two examples of ﬁber reinforced composites with embedded sensors and actuators where such model could be
applied.
With recent advances in experimental methods such as micro-Raman spectroscopy, it has been possible to
evaluate the shear-lag method predictions for load transfer between neighboring ﬁbers. In general, the shear-
lag method well predicts the load transfer in high volume polymer matrix composites. However, this is not the
case for composites with matrix to ﬁber modulii ratios near unity due to the increased role of the matrix axial
stresses (Beyerlein and Landis, 1999). Stress concentrations in neighboring ﬁbers due to ﬁber breakage have
also been shown to depend on the matrix modulus (Wagner et al., 1996). Anagnostopoulos et al. (2005)
induced local ﬁber discontinuities in high volume fraction aramid/epoxy composites and applied laser Raman
spectroscopy to demonstrate that the quality of the interface was maintained, justifying the use of an elastic
transfer model. Furthermore, the authors determined that at applied strains below the residual strain thresh-
old in high volume composites, the local residual stresses strongly inﬂuence the local stress transfer. This eﬀect
can be accounted for in shear-lag analyses, however, the local shear modulus of the ‘‘as-processed” composite
must be known. Once the residual strains have been overcome by the applied strains the shear-lag method
based on the shear modulus of the bulk matrix material works well. These experimental results emphasize
the importance of the role of the matrix axial and residual stresses, however, give strong support to the use
of shear-lag methods for appropriate applications.
Most of the early shear-lag models were based on the assumption that the matrix material shear behavior is
controlled by the axial displacements of the surrounding ﬁbers and the role of its axial stiﬀness can therefore
be neglected. The reduced role of the matrix is therefore merely to transfer axial loads in adjacent ﬁbers
through shear deformation, i.e. as a shear spring.1 As a result, these methods are only suitable for composites1 An alternate perspective is that a matrix material with zero axial stiﬀness yet ﬁnite shear stiﬀness can be interpreted as representing a
matrix material that has failed in tension through either cracking or yielding at low stress magnitudes (Landis and McMeeking, 1999).
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2001). Xia et al. (2002) conﬁrmed this limitation by comparison of shear-lag methods to ﬁnite element anal-
yses. In addition, these early models cannot diﬀerentiate between a transverse crack stopping at the ﬁber-
matrix interface or continuing through the matrix. This can result in signiﬁcant errors for systems where
the matrix strain to failure is lower or similar to that of the ﬁber such as for ceramic or metal matrix compos-
ites (Beyerlein and Landis, 1999).
Recent eﬀorts have been made to incorporate the role of the matrix stiﬀness into shear-lag analyses. Beyer-
lein and Landis (1999) and Landis and McMeeking (1999) derived a shear-lag method for which the governing
equations for a periodic system are generated via the ﬁnite element method. The stiﬀness parameters for the
model were calculated in a mechanically consistent manner through the principle of virtual work. The result-
ing ﬁnite element equations describing the displacement distributions were transformed into coupled ordinary
diﬀerential equations (ODEs) by taking the limit as the longitudinal step size approaches zero and solved using
Fourier transform techniques. By adding additional degrees of freedom into the matrix material elements of
the original ﬁnite element model, Landis and McMeeking (1999) were then able to include the role of the
matrix axial stiﬀness, random ﬁber spacing and non-perfect interface conditions. However, for any of these
modiﬁcations the solution procedure becomes more complex as Fourier transform techniques can no longer
be applied (Landis and McMeeking, 1999). Landis and McMeeking (1999) demonstrated that this shear-lag
reduced ﬁnite element method produces excellent predictions for a variety of applications, however, the mod-
eling of a speciﬁc geometry through the development of a ﬁnite element model and then its transformation into
diﬀerential equations can be computationally intensive (although signiﬁcantly less computationally intensive
than modeling the complete material system using a full three-dimensional ﬁnite element method).
In a separate approach, Nairn (1997) and Nairn and Mendels (2001) revisited the shear-lag equations for
axisymmetric and multilayered planar problems, starting from exact elasticity equations. Furthermore, they
derived an ‘‘optimal shear-lag theory” based on the minimum number of non-unique assumptions required.
The shear stress in each ﬁber or matrix layer was interpolated through the use of shape functions. This optimal
shear-lag theory yields a series of coupled ODEs with constant coeﬃcients, similar to the previous ﬁnite ele-
ment approach. However, the resulting system of equations are functions of the unknown interfacial shear
stresses or layer average axial stresses directly and can be uncoupled using eigenvalue and eigenvector analysis.
As the derivation does not neglect the matrix axial stiﬀness, the optimal shear-lag theory of Nairn and Men-
dels (2001) works well for ﬁber/matrix or other multilayered structures independent of the modulus ratio. As
for previous methods, the prediction of integrated quantities such as average axial stresses, displacements or
total strain energy are more accurate than those for shear stresses, transverse stresses and energy release rates
(Nairn, 1997). However, the results of Nairn and Mendels (2001) do demonstrate that the prediction of inter-
facial shear stresses can be a reasonable approximation for many applications.
Hedgepeth and Van Dyke (1967) and Okabe et al. (2001) extended shear-lag models for two-dimensional
(2D) geometries to models for three-dimensional (3D) systems with square and hexagonal ﬁber arrays.2 It was
assumed, as for many later works, that the stress transfer to a given ﬁber is only inﬂuenced by its immediate
neighbors. The eﬃciency of the models comes from their periodic geometries, limiting the application to trans-
versely isotropic material systems. To overcome the nearest neighbor limitation, Landis et al. (1999, 2000)
expanded this shear-lag model to connect each ﬁber to its nearest and near nearest ﬁbers. In this method,
the matrix is modeled as 3D ﬁnite elements with an inﬁnite square or hexagonal array of ﬁbers. Each of these
examples provides rapid calculation of internal stresses, however, their limitations are the same as the classical
shear-lag methods for 2D systems previously mentioned due to the neglect of the matrix axial stiﬀness. Landis
and McMeeking (1999) thus incorporated the matrix stiﬀness into the model of Landis et al. (1999) for 3D
systems by adding extra degrees of freedom into the matrix elements. This model can only be applied to trans-
versely isotropic material systems due to the model reduction through periodic ﬁber array geometries and
near-neighbor inﬂuence assumptions.2 Here, we use the terminology that a shear-lag model for 2D structures reduces a 2D material system to a 1D planar or axisymmetric
array of ﬁber and matrix elements, whereas a shear-lag model for 3D structures reduces a 3D material system to a 2D array of ﬁber and
matrix elements. We do not imply that either system must be geometrically periodic. Some examples in the literature would refer to the
current model as a ‘‘3D shear-lag analysis,” however, as the analysis is not truly 3D, we do not use this terminology within this article.
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cross-section through extension of the optimal shear-lag method for 2D planar structures of Nairn and Men-
dels (2001). This model will be applicable not only to the analysis of unidirectional laminated composites with
diﬀerent material properties, but also to future analysis of smart structures with embedded sensors and actu-
ators, such as seen in Fig. 1. Similar to the ﬁnite element method, a structural model is created in the form of a
linear system of equations. The number of degrees of freedom is reduced by several orders of magnitude by
incorporating the optimal shear-lag assumptions into the element equations of motion. The interfacial shear
and axial stresses along the laminate are also written in series form, eliminating the need to discretize the struc-
ture in the longitudinal direction. It is important to point out that bending of the laminate cannot be modeled
using the method of this article due to the fact that transverse shear deformations are neglected (Xia et al.,
2002). Residual stresses could be included in this model using the application of the superposition principle,
although this will not be explicitly addressed directly in this article (Landis and McMeeking, 1999).
2. Theory
In this section, we derive the shear-lag model for 3D systems through extension of the optimal shear-lag
model of Nairn and Mendels (2001). The derivation procedure therefore follows that of Nairn and Mendels
(2001) closely. To begin, the structure cross-section is discretized and the two relevant interfacial shear stress
components are interpolated through shape functions. Afterwards, the fundamental shear-lag assumption is
applied, leading to expressions for the relative average axial displacements of adjoining cells in terms of the
average interfacial shear stresses. By enforcing equilibrium in the axial direction, the axial normal stresses
are then related to the average axial displacements and average interfacial shear stresses. Combining these
relations yields a system of ODEs from which the average interfacial shear stresses can be solved through
application of boundary conditions. It will be shown that the solution method of the system of ODEs highly
depends upon the form of the boundary conditions. Unlike the optimal shear-lag method for 2D planar geom-
etries of Nairn and Mendels (2001), this ODE system cannot be transformed into a system in terms of the
average axial stresses due to the limited number of independent equations. While this places a restriction
on the types of boundary conditions that can be applied, the method will be shown to perform well for appro-
priate problems in the numerical examples of Section 3.
2.1. Basic shear-lag equations
We ﬁrst idealize the cross-section of the unidirectional multilayered structure as a 2D array of n  m mate-
rial cells as shown in Fig. 2. Depending upon the scale of the problem and the computational resources avail-
able, the material cells can be individual ﬁbers, embedded sensors and actuators, regions of matrix or
reinforced material or an entire lamina. The coordinate system is oriented such that the x and z directions
are in the plane of the cross-section and the y axis is the direction orthogonal to the cross-section. We also
deﬁne the local displacements in the x, y and z directions as U, V andW, respectively. The material cell labeled
(i, j) is bounded by the domain xi1 < x < xi and zj1 < z < zj (i = 1, . . . ,n; j = 1, . . . ,m) with thicknesses ti and tj
in the x and z directions, respectively. The material of each cell is considered to be linear-thermoelastic and
orthotropic with relevant material properties Eði;jÞx , E
ði;jÞ
y , E
ði;jÞ
z , G
ði;jÞ
xy , G
ði;jÞ
yz , G
ði;jÞ
xz and a
ði;jÞ
y .
We deﬁne the nondimensional local coordinates for the cell (i, j),X i ¼ x xi1ti
Zj ¼ z zj1tj ð1Þwhere 0 < X i < 1 and 0 < Zj < 1. The interfacial shear stresses will be interpolated between the values at the
cell boundaries through shape functions applied in the same manner as in Nairn and Mendels (2001), except
that the interpolation is expanded to the two independent shear stresses sxy and syz. Accordingly, we ﬁrst eval-
uate the interfacial shear stresses on each of the boundaries of the cell (i, j): sxyðx; y; zÞjx¼xi1 , sxyðx; y; zÞjx¼xi ,
syzðx; y; zÞjz¼zj1 and syzðx; y; zÞjz¼zj , which are each indicated in the inset of Fig. 2. These four interfacial shear
stresses will later be related to the average axial stress in cell (i, j) through equilibrium conditions. To simplify
the notation, we further write sxyðx; y; zÞjx¼xa;z¼za ¼ sxy ½xa; za where it is implied that sxy[xa,za] is a function of y.
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Fig. 2. Schematic of discretization of multilayered structure cross-section into a n  m layered composite. The x and z coordinates are in
the plane of the cross-section, while the y coordinate is in the axial direction. The cell (i, j) and its neighboring cells are indicated. The U, V
and W displacements are also labeled. Inset shows interfacial shear stress distribution applied on the boundary of an inﬁnitesimal section
of the cell (i, j) as well as assumed averaged distribution.
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tion through a cell and not within the plane over which it is applied to the cell (y  z plane). Therefore, we will
interpolate sxy in the x direction between its average value on the left and right hand boundaries of the cell.
For further simpliﬁcation of the notation, we label these average boundary stresses assavexy ½xi1; zj1 < z < zj ¼
1
tj
Z zj
zj1
sxy ½xi1; zdz ! sjxy ½xi1
savexy ½xi; zj1 < z < zj ¼
1
tj
Z zj
zj1
sxy ½xi; zdz ! sjxy ½xi:
ð2ÞSimilarly, we will interpolate syz in the z direction between its average values on the upper and lower bound-
aries of the cell and therefore writesaveyz ½xi1 < x < xi; zj1 ¼
1
ti
Z xi
xi1
syz½x; zj1dx ! siyz½zj1
saveyz ½xi1 < x < xi; zj ¼
1
ti
Z xi
xi1
syz½x; zjdx ! siyz½zj
ð3ÞThe location of each of these averaged interfacial shear stresses on a material cell is also shown in Fig. 2. As
this is fundamentally a shear-lag analysis for which all loading will be applied in the y-direction, we will neglect
the role of the interfacial shear stress sxz as it does not signiﬁcantly contribute to the transfer of axial stress
from the matrix to the ﬁber. For cases with large modulii ratios between the various materials or laminae
the presence of a large interfacial shear stress sxz will not be predicted, however, this should not signiﬁcantly
aﬀect the axial stress predictions. Finally, we allow thermal loading to the structure in the form of an average
temperature change for each unit cell, DT(i,j), as a function of y.
In terms of the averaged shear stresses, we now interpolate the shear stresses through the cell as
4054 G. Jiang, K. Peters / International Journal of Solids and Structures 45 (2008) 4049–4067sði;jÞxy ðx; y; zÞ ¼ sjxy ½xi1Lði;jÞ þ sjxy ½xiRði;jÞ
sði;jÞyz ðx; y; zÞ ¼ siyz½zj1Bði;jÞ þ siyz½zjT ði;jÞ
ð4Þwhere Lði;jÞðX iÞ, Rði;jÞðX iÞ, T ði;jÞðZjÞ and Bði;jÞðZjÞ are shape functions active at the left, right, top and bottom
interfaces of unit (i, j). The choice of shape functions is arbitrary and can be diﬀerent for each individual cell,
the only requirement being that each function satisfy the boundary conditionsLði;jÞð0Þ ¼ 1 Lði;jÞð1Þ ¼ 0 Rði;jÞð0Þ ¼ 1 Rði;jÞð1Þ ¼ 0
Bði;jÞð0Þ ¼ 1 Bði;jÞð1Þ ¼ 0 T ði;jÞð0Þ ¼ 1 T ði;jÞð1Þ ¼ 0 ð5ÞThe interpolation of shear stresses through linear shape functions in a single direction has been previously
applied by Nairn and Mendels (2001) and McCartney (1992) with excellent results for shear-lag models. The
choice to interpolate the two shear stress components in only a single direction through (4) is the simplest
method of interpolation and will be shown in this article to predict averaged axial stress distributions well,
even when linear functions are applied. Improvements to this interpolation for a given problem could made
by either modifying the interpolation functions L(i,j), R(i,j), T(i,j) and B(i,j) based on equivalent energy concepts
(per Nairn and Mendels (2001)), increasing the order of the interpolation, e.g.sði;jÞxy ðx; y; zÞ ¼ sxy ½xi1; zj1Lði;jÞ X i; Zj
 þ sxy ½xi; zj1Lði;jÞ X i;Zj þ sxy ½xi; zj1Rði;jÞ X i;Zj 
þ sxy ½xi; zjRði;jÞ X i; Zj
  ð6Þor increasing the number of cells.
Now that the shear stresses have been formulated in terms of boundary values, we apply the fundamental
shear-lag assumption that oU/oy oV/ox and oW/oy oV/oz,sxy ﬃ Gxy @V
@x
syz ﬃ Gyz @V
@z
ð7ÞTherefore, any loading applied to the multilayered structure must be slowly varying in the y direction as com-
pared to the in-plane cell dimensions in order for the shear-lag approach to model the problem well.
We now enforce displacement compatibility in the y-direction between adjacent cells along their common
borders, and therefore derive expressions for average displacements in the y direction within a cell. Substitut-
ing (1) and (4) into (7) and re-arranging terms yields@V ði;jÞ
@X i
¼ @V
ði;jÞ
@x
@x
@X i
¼ t

i
Gði;jÞxy
sjxy ½xi1Lði;jÞ þ sjxy ½xiRði;jÞ
h i
ð8Þand@V ði;jÞ
@Zj
¼ @V
ði;jÞ
@z
@z
@Zj
¼ tj
Gði;jÞyz
siyz½zj1Bði;jÞ þ siyz½zjT ði;jÞ
h i
ð9ÞFollowing the transfer method (Nairn and Mendels, 2001; McCartney, 1992) we multiply both sides of (8) and
(9) by ðA1  X iÞ and ðA2  ZjÞ, respectively,ðA1  X iÞ @V
ði;jÞ
@X i
¼ ðA1  X iÞ t

i
Gði;jÞxy
sjxy ½xi1Lði;jÞ þ sjxy ½xiRði;jÞ
h i
ð10Þ
ðA2  ZjÞ @V
ði;jÞ
@Zj
¼ ðA2  ZjÞ tj
Gði;jÞyz
siyz½zj1Bði;jÞ þ siyz½zjT ði;jÞ
h i
ð11Þwhere A1 and A2 are arbitrary constants. Integration of (10) and (11) through the thicknesses ti and tj,
respectively, yields
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Z 1
0
V ði;jÞdX i ¼ t

i
Gði;jÞxy
Z 1
0
ðA1  X iÞ
 
Rði;jÞdX i
 
sjxy ½xi
þ t

i
Gði;jÞxy
Z 1
0
ðA1  X iÞ
 
Lði;jÞdX i
 
sjxy ½xi1 ð12Þ
ðA2  1ÞV ði;jÞjz¼zj  A2V ði;jÞjz¼zj1 þ
Z 1
0
V ði;jÞdZj ¼ tj
Gði;jÞyz
Z 1
0
ðA2  ZjÞ
 
T ði;jÞdZj
 
siyz½zj
þ tj
Gði;jÞyz
Z 1
0
ðA2  ZjÞ
 
Bði;jÞdZj
 
siyz½zj1 ð13ÞNow we apply (12) to two horizontally adjacent cells while choosing A1 = 1 for unit (i + 1, j)V ðiþ1;jÞjx¼xi þ
Z 1
0
V ðiþ1;jÞdX iþ1 ¼
tiþ1
Gðiþ1;jÞxy
Z 1
0
ð1 X iþ1Þ
 
Rðiþ1;jÞdX iþ1
 
sjxy ½xiþ1
þ t

iþ1
Gðiþ1;jÞxy
Z 1
0
ð1 X iþ1Þ
 
Lðiþ1;jÞdX iþ1
 
sjxy ½xi ð14Þand A1 = 0 for unit (i, j),V ði;jÞjx¼xi þ
Z 1
0
V ði;jÞdX i ¼  t

i
Gði;jÞxy
Z 1
0
X iRði;jÞdX i
 
sjxy ½xi 
ti
Gði;jÞxy
Z 1
0
X iLði;jÞdX i
 
sjxy ½xi1 ð15ÞThe relative axial displacement between the two cells can then be solved by subtraction of (14) from (15),
enforcing displacement continuity along their common border, V ðiþ1;jÞjx¼xi ¼ V ði;jÞjx¼xi and integrating with
respect to z where zj1 < z < zj,hV ðiþ1;jÞi  hV ði;jÞi ¼ t

iþ1
Gðiþ1;jÞxy
Z 1
0
ð1 X iþ1Þ
 
Rðiþ1;jÞdX iþ1
 
sjxy ½xiþ1
þ t

iþ1
Gðiþ1;jÞxy
Z 1
0
ð1 X iþ1ÞLðiþ1;jÞdX iþ1
 	
þ t

i
Gði;jÞxy
Z 1
0
X iRði;jÞdX i
( )
sjxy ½xi
þ t

i
Gði;jÞxy
Z 1
0
X iLði;jÞdX i
 
sjxy ½xi1 ð16Þwhere we deﬁne the notation hi to indicate the value averaged over the surface area of the cell,
hi ¼ 1ti tj
R xi
xi1
R zj
zj1
dxdz. Eq. (16) establishes the relationship between the axial displacements and the interfa-
cial shear stresses sxy at xi1, xi and xi+1 in any two horizontally adjacent cells which will be related to axial
stresses later.
Similarly, applying the same procedure to two vertically adjacent cells (i, j + 1) and (i, j) by evaluating (13)
with A2 = 1 for unit (i, j + 1) and A2 = 0 for unit (i, j) and applying the displacement continuity condition
V ði;jÞjz¼zj ¼ V ði;jþ1Þjz¼zj and integrating with respect to x (xi1 < x < xi), we derive a similar relationship between
the average axial displacements in any two vertically adjacent cells,hV ði;jþ1Þi  hV ði;jÞi ¼ tjþ1
Gði;jþ1Þyz
Z 1
0
ð1 Zjþ1Þ
 
T ði;jþ1ÞdZjþ1
 
siyz½zjþ1
þ tjþ1
Gði;jþ1Þyz
Z 1
0
ð1 Zjþ1ÞBði;jþ1ÞdZjþ1
 	
þ tj
Gði;jÞyz
Z 1
0
ZjT ði;jÞdZj
( )
siyz½zj
þ tj
Gði;jÞyz
Z 1
0
ZjBði;jÞdZj
 
siyz½zj1 ð17ÞFor anm  n cell conﬁguration, there are a total of 2mn (m + n) independent relationships through (16) and (17).
4056 G. Jiang, K. Peters / International Journal of Solids and Structures 45 (2008) 4049–4067Our next step is to convert the left hand side (LHS) of (16) and (17) to average axial stresses in order to
relate these to the interfacial shear stresses as well. First we consider stress equilibrium in the y direction of
the cell (i, j),@ry
@y
þ @sxy
@x
þ @syz
@z
¼ 0 ð18ÞIntegration of (18) over area the surface area of the cell yieldsti tj
dðhrði;jÞy iÞ
dy
þ tjðsjxy ½xi  sjxy ½xi1Þ þ ti ðsiyz½zj  siyz½zj1Þ ¼ 0 ð19Þwhere hrði;jÞy i is the unit average normal stress in the cell. Next, we consider the linear-thermoelastic stress
strain relation in the y directioney ¼ @V
@y
¼ ry
Ey
 mxyrx
Ex
 myzrz
Ez
þ ayDT ð20ÞDiﬀerentiating (20) with respect to y and applying to the cell (i, j),@2V ði;jÞ
@y2
¼ @r
ði;jÞ
y
Eði;jÞy @y
 m
ði;jÞ
xy @r
ði;jÞ
x
Eði;jÞx @y
 m
ði;jÞ
yz @r
ði;jÞ
z
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ð21ÞAssuming
mxy@rx
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 and integrating (21) over the surface area of the cell, we ﬁnd
d2ðhV ði;jÞiÞ
dy2
¼ 1
Eði;jÞy
dðhrði;jÞy iÞ
Eði;jÞy dy
þ aði;jÞy
dDT ði;jÞ
dy
ð22ÞCombining (19) and (22) yields the relationship between the average axial displacement and the interfacial
shear stresses,d2ðhV ði;jÞiÞ
dy2
¼ 1
Eði;jÞy
1
ti
ðsjxy ½xi1  sjxy ½xiÞ þ
1
tj
ðsiyz½zj1  siyz½zjÞ
 	
þ aði;jÞy
dDT ði;jÞ
dy
ð23ÞDiﬀerentiating (16) and (17) with respect to y twice, and substituting (23) for d2hV(i,j)i/dy2 yields two ODEs,
in terms of the interfacial shear stresses, coupled between horizontally and vertically adjacent cells,
respectively,tiþ1
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ð25Þwhere we have simpliﬁed the notation by deﬁning the constants,
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For the special case of linear interpolation functions Lði;jÞ ¼ 1 X i, Rði;jÞ ¼ X i, Bði;jÞ ¼ 1 Zj and T ði;jÞ ¼ Zj, we
ﬁnd aði;jÞx ¼ dði;jÞx ¼ aði;jÞz ¼ dði;jÞz ¼ 1=6 and bði;jÞx ¼ cði;jÞx ¼ bði;jÞz ¼ cði;jÞz ¼ 1=3. Eqs. (24) and (25) can now be eval-
uated for all adjacent pairs of cells, yielding a system of 2mn  (m + n) coupled ODEs, the solution of which
will be discussed in the following section.
2.2. Solution methods
We now evaluate (24) and (25) for all adjacent horizontal and vertical cells, respectively, and combine them
to form a system of coupled ODEs in terms of the unknown interfacial shear stresses sjxy ½xi and siyz½zj,½A d
2fsg
dy2
 ½Bfsg ¼ ftg ð27Þ{s} is then the vector of length 2mn + (m + n) composed of the interfacial shear stresses in arbitrary order
fsg ¼ ffsjxy ½xig..
.fsiyz½zjgg. The matrices [A] and [B] are constant and depend only on the geometry and material
properties of the composite system and the chosen shape functions. The vector {t} is a known function of y
that depends on the applied thermal loading. As for the previous 2D model (Nairn and Mendels, 2001), the
matrix [A] is tridiagonal. However, the matrix [B] is no longer tridiagonal, due to the multiple connectivity of
the cells in the 3D model geometry. The system of (27) has 2mn  (m + n) equations for 2mn + (m + n) un-
knowns, therefore, we require 2(m + n) boundary conditions, for example the shear stresses on the outer sur-
faces of the laminate.
We next reorder and partition the vector {s} into subvectors of unknown values {su} and known boundary
conditions {sbc} in order to writeA1 ..
.
A2
h i d2
dy2
su
	 	 	
sbc
8><
>:
9>=
>; B1 ... B2
h i su
	 	 	
sbc
8><
>:
9>=
>; ¼ ft0g ð28Þwhere the submatrices [A1] and [B1] are square of dimension 2mn  (m + n) and the vector {t0} is the reordered
{t}. Re-arranging (28), we can write½A1 d
2fsug
dy2
 ½B1fsug ¼ fsg ð29Þwherefsg ¼ ½A2 d
2fsbcg
dy2
þ ½B2fsbcg þ ft0g ð30ÞWe have relaxed the constraint on the boundary conditions of Nairn and Mendels (2001), i.e. {sbc} does not
have to be constant or linear in y, therefore [A2] does not necessarily equal zero. Such nonlinear boundary
conditions appear frequently in bonded laminate problems.
Continuing, we premultiply (29) by [A1]
1 ([A1] is always of rank 2mn  (m + n)) to obtain,d2fsug
dy2
 ½M fsug ¼ fpg ð31Þwith [M] = [A1]
1[B1] and fpg ¼ ½A11fsg. Eq. (31) is the same equation addressed in Nairn and Mendels
(2001) with two signiﬁcant exceptions: (1) the matrix [M] is singular due to the fact that the original matrix
[B1] is singular; (2) the vector fsg is not necessarily a constant vector.
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methods (Boyce and DiPrima, 1986), of which we will apply the latter in this paper. The matrix [B1] is a square
matrix of dimension 2mn  (m + n). However, the components of [B1] are combinations of the relative average
axial displacements between adjoining horizontal, hV(i,j)i  hV(i1,j)i, and adjoining vertical, hV(i, j)i 
hV(i,j1)i, cells through (16) and (17). For m  n cells, there are mn  1 such independent relative average axial
displacements. Therefore, the rank of [B1] is mn  1, leading to mn  (m + n) + 1 degenerate eigenvalues. At
the same time [B1] has independent eigenvectors therefore [M] can be diagonalized.
We can thus proceed with the eigenvalue, eigenvector decoupling of (31). Writing [M] as the matrix of
eigenvectors of [M] and [Q] the diagonalized matrix of eigenvalues, we diagonalize [M],½M  ¼ ½T 1½Q½T  ð32Þ
Premultiplying (31) by [T] and deﬁning the vector {r} = [T]{su}, we ﬁndd2frg
dy2
 ½Qfrg ¼ fpg ð33Þwhere fpg ¼ ½T fpg. Eq. (33) is then a system of uncoupled, second order ordinary diﬀerential equations which
can be solved analytically. We now divide the solution of (33) into three separate conditions, depending upon
the form of the boundary condition dependent vector fsg: (1) fsg is a constant vector; (2) fsg is a piecewise
constant vector; and (3) fsg is a vector that varies arbitrarily in y. We consider each of these possibilities
below.
2.2.1. Constant boundary conditions
For the non-zero eigenvalues of [M], we ﬁnd the solution in terms of the general solution and one speciﬁc
solution, qj,ri ¼
Xn1
j¼1
T i;j ajekjy þ bjekjy  qj
k2j
 !
ð34Þwhere aj and bj are unknown constants. For values of ki = 0 (which occurs for the repeated eigenvalues of [T]),
we ﬁnd the solution,ri ¼
X2mnðmþnÞ
j¼n1þ1
T i;j ajekjy þ bjekjy þ qj
2
y2
 
ð35ÞOrdering the eigenvalues such that the ﬁrst mn  1 are non-zero and the rest are zero, we can write the com-
plete solution to (33) as,sUi ¼
Xn1
j¼1
T i;j ajekjy þ bjekjy  qj
k2j
 !
þ
X2mnðmþnÞ
j¼n1þ1
T i;j ajekjy þ bjekjy þ qj
2
y2
 
ð36ÞTo complete the solution, there are 2(mn  m  n) unknown coeﬃcients aj and bj, which must be solved from
the shear stress boundary conditions. These will be determined in the later numerical examples on two ﬁxed
planes y = y1 and y = y2.
Once the unknown shear stresses are solved, we can then calculate the average normal stresses hrði;jÞy i in each
unit by integrating (19),hrði;jÞy i ¼
1
ti
Z
ðsjxyðxi1Þ  sjxyðxiÞÞdy þ
1
tj
Z
ðsiyzðzj1Þ  siyzðzjÞÞdy þ Cði;jÞ0 ð37Þwhere the unknown coeﬃcients Cði;jÞ0 are to be determined from the normal stress boundary conditions.
At this point, it is important to highlight a diﬀerence between the application of the optimal 2D shear-lag
model and this extension to 3D conﬁgurations. Since there are considerably more unknown interfacial shear
stresses than average axial stresses, one cannot transform the linear system of (33) in terms of interfacial shear
stresses into a similar system in terms of average axial stresses with the same number of boundary conditions.
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eling perspective, the important consequence is that all boundary conditions, other than Cði;jÞ0 for the solution
to (37), must be in terms of shear stresses. Such a restriction can severely limit the application of this model to
speciﬁc loading conditions (beyond the limitations of the shear-lag analysis itself). One strategy to extend the
applicability of the model is to replace normal stress boundary conditions by ‘‘equivalent” shear stress bound-
ary conditions. Although not an exact equivalence, good estimates can be obtained, as will be demonstrated
later in one of the numerical examples.2.2.2. Piecewise constant boundary conditions
If the loading fsg can be represented as a piecewise constant vector, e.g. when external constant shear load-
ings are applied only over certain segments of the boundary, the vector {su} can also be discretized along the
loading length of the laminate. For h piecewise segments ðfsg ¼ fsg1y 2 ½0; y1; . . . ; fsg ¼ fsgh; y 2 ½yh1; L
the system can be extended to½A1 d
dy2
s1u
..
.
shu
8><
>:
9>=
>; ½B1
s1u
..
.
shu
8><
>:
9>=
>; ¼
s1
..
.
sh
8><
>:
9>=
>; ð38ÞWith the added continuity boundary conditionsfsugijy¼yi ¼ fsug
iþ1jy¼yi 8i ¼ 1; . . . ; h 1 ð39ÞThe solution to a speciﬁc discretized equation thus follows the procedure for constant boundary conditions
previously described.
An alternative solution procedure can be applied to exploit the asymptotic behavior of the shear-lag solu-
tion. As long as each segment length of the piecewise constant distribution is longer than the development
length of the particular geometry the total interfacial shear stress (and therefore the average axial stress solu-
tions) can be found by superposing the interfacial shear stress solutions to constant stress boundary conditions
over the diﬀerent spans,fsg ¼ fsg1HðyÞ þ fsg2  fsg1
h i
Hðy  y1Þ þ 	 	 	 þ ½fsgh  fsgh1Hðy  yh1Þ ð40Þwhere H is the Heaviside step function. As the individual solutions are asymptotic within a few cross-sectional
widths (to be seen in the following section), the detailed interfacial stress distribution for each solution due to
{sbc}
i need only be considered in a small region near yi1. An example of this solution method will be pre-
sented in Section 3. This alternative solution method allows one to solve h linear systems of smaller dimensions
than the previous method.2.2.3. Arbitrary boundary conditions
The ﬁnal case considered is that of arbitrary applied loading boundary conditions which can either be
expressed as explicit mathematical functions in terms of the variable y or through discrete data points. Except
for the rare explicit function where (33) can be solved directly, a numerical method such as the fourth order
Runge–Kutta method must be applied.3. Numerical results
To evaluate the predictions of the shear-lag model derived in the previous section, we consider two numer-
ical examples. The ﬁrst is a simple single embedded ﬁber specimen from which we will outline the solution
process for diﬀerent boundary conditions and evaluate the predictions of the interfacial shear stresses and
axial stresses. The second is a conﬁguration typical of those in both unidirectional laminated composites with
diﬀerent material properties and smart structures with embedded sensors and actuators. Then the stress trans-
fer in a smart structure with conﬁguration similar to Fig. 1(b) is evaluated, which is loaded axially on some of
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same conﬁguration.3.1. Unidirectional single-ﬁber composite
To evaluate the shear-lag model, we consider the benchmark problem of a cantilevered composite beam
with a single-ﬁber embedded in surrounding matrix as shown in Fig. 3(a). The dimensions of the cross-section
and its division into unit cells are shown in Fig. 3(b). We divide the cross section into the minimum number of
nine unit cells, resulting in 24 interfacial shear stresses. This beam has a total length of L = 60 mm in its axial
direction (yielding a length to width ratio of 15). The ﬁber and matrix units are initially chosen to be glass and
epoxy with properties given in Table 1 (i.e. a high modulus ratio composite, Ef/Em = 20).
Using the numbering scheme of Fig. 3(b), the unknown and known interfacial shear stress vectors are
{su}
T = {s2;s3 ;s6;s7;s10;s11;s16;s17;s18 ;s19;s20;s21} and {sbc}
T = {s1 ;s4;s5;s8;s9;s12;s13;s14 ;s15;s22;s23;s24}. Lin-z
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Fig. 3. (a) Unidirectional single-ﬁber composite with ﬁxed boundary condition at y = L (not to scale); loading case shown in uniform
shear stress along full length; (b) division of cross-section into nine unit cells; number for each interfacial shear stress and surface over
which it is applied is indicated.
Table 1
Material properties of ﬁbers, matrix and ﬁber reinforced lamina used for simulations
Material Elastic modulus (GPa) Poisson’s ratio Shear modulus (GPa)
GFRP Ex = Ez = 6.89 mxy = myz = 0.26 Gxy = Gyz = 1.52
Ey = 20.7 mxz = 0.30 Gxz = 2.65
Glass ﬁber E = 70 m = 0.29 G = 27.13
Polymer ﬁber E = 7.0 m = 0.29 G = 2.71
Epoxy matrix E = 3.5 m = 0.33 G = 1.32
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Eigenvalue analysis of [M] yields four zero eigenvalues, as discussed previously in Section 2.
To provide the comparison of this and all other simulations in this paper, we modeled the same specimen
geometry using the ﬁnite element analysis (ANSYS). A density of one-hundred 3D eight-noded brick elements
(solid45) elements were meshed along the length of the specimen (y-direction) with 400 elements in the cross-
section. This relatively ﬁne density of elements was considered as a suitable benchmark to compare the pre-
dictions of the signiﬁcantly reduced shear-lag model of 24 interfacial shear stresses within the cross-section.
The ﬁrst loading case to be analyzed was a unit shear loading on its outer surfaces all across the span,
s = 1 MPa, as shown in Fig. 3(a). This case is an example of the constant shear stress boundary condition dis-
cussed in Section 2.2. The calculated average axial stress distributions in the ﬁber unit, hrð2;2Þy i, and one of the
matrix units, hrð1;2Þy i, are plotted in Fig. 4(a) as a function of axial position from both the shear-lag model and
the ﬁnite element analysis. For the ﬁnite element analysis, the average axial stress for a given unit cell was cal-
culated as the average axial stress value for all nodal locations within the unit cell. As can be seen in Fig. 4(a),
the diﬀerence between the predictions of axial stress from these two methods is small. For the same loading
case, two of the calculated interfacial shear stresses, one within the matrix material, s2, and one at the ﬁber-
matrix interface, s6, are plotted in Fig. 4(b). For both of these shear stresses, the shear-lag method predicts the
classical asymptotic form of shear stress, due to the inherent assumptions in the shear-lag theory. The discrep-
ancy between the two methods is signiﬁcantly more pronounced in the calculation of the interfacial shear stres-
ses which can be clearly seen in Fig. 4(b). For both s2 and s6, the shear-lag model underpredicts the rate of
interfacial shear–stress increase from the free edge of the specimen, but overpredicts the steady-state shear–
stress.
As will be conﬁrmed by later simulations, the shear-lag model yields better predictions for average normal
stresses than for interfacial shear stresses. This same behavior was observed by Nairn and Mendels (2001) for0 2010 30 40 50 60
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Fig. 4. Simulation results for the cantilevered single-ﬁber composite of Fig. 3 with Ef /Em = 20 subjected to shear loading along entire
length: (a) average normal stress in ﬁber and sample matrix units; (b) sample interfacial shear stresses (semi-span plotted only). Results
plotted for both shear-lag and ﬁnite element (FEA) analyses.
4062 G. Jiang, K. Peters / International Journal of Solids and Structures 45 (2008) 4049–4067the optimal shear-lag model for 3D planar structures. Care should thus be taken in applying the results of
these shear-lag simulations for the evaluation of shear stress components.
The second loading condition applied to the single-ﬁber composite was a unit shear force applied only in
the region 0 6 y 6 L/10, as shown in Fig. 5. This case was analyzed using the method of superposition out-
lined in Section 2.2.2. Fig. 6(a) plots the average normal stresses in the ﬁber unit, hrð2;2Þy i, and one of the matrix
units, hrð1;2Þy i, predicted using the shear-lag and ﬁnite element analyses. Due to the local nature of the applied
loading, the diﬀerences between the two methods is more pronounced than for the previous loading case, how-
ever, the general comparison between the shear-lag method and the FEA method is the same. The source of
the diﬀerences can be seen in Fig. 6(b) which plots two representative interfacial shear stresses, one at the inte-
rior of the matrix, s3, and one at the outer surface, s1. Once again, the shear-lag analysis overpredicts the
transfer of load from the matrix to the ﬁber. At y = 7 mm, just beyond the loaded region, the prediction of
the average normal stresses are essentially the same. This approximately is half the distance before the inter-
facial shear stresses are consistent.z
x
P = 1 MPa
y
P = 1 MPa
6 mm
Fig. 5. Secondary loading condition for single-ﬁber composite of Fig. 3(a). Unit shear loading is applied in the region 0 6 y 6 6 mm
(beam remains ﬁxed at y = 60 mm).
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Fig. 6. Average normal stress results of the single-ﬁber composite with Ef/Em = 20 subject to outer surface shear loading over ﬁnite length:
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Nairn and Mendels (2001) is its ability to predict stresses in low modulii ratio composites. Therefore, for the
third simulation of the single-ﬁber composite, we changed the material properties of the ﬁber to be that of a
nylon ﬁber such that Ef/Em = 2 (see Table 1). The same loading condition shown in Fig. 5 was applied. Fig. 7
plots the predicted average axial stresses in the ﬁber and matrix and sample interfacial shear stresses as before.
For this case, two diﬀerent interfacial shear stresses than those for the previous case were plotted. One can see
that the comparison of results for both axial stress and interfacial shear stress is approximately of the same
quality for the low modulii ratio composite as for the previous high modulii composite. Therefore, the diﬀer-
ences between the two analysis methods is not due to the axial contribution of the matrix material.
Naturally, the predictions of the shear-lag method plotted in Figs. 4, 6 and 7 could be improved by increas-
ing the number of elements in the cross-section. However, it should be emphasized here that the goal of this
article is to derive a rapid calculation method to estimate the axial stresses in the various constituents. For
example, Prabhugoud and Peters (2006) demonstrated that the use of the average normal stress value in an
optical ﬁber is a good representation of the behavior of the optical sensor, even though the mechanical prop-300 5 10 15 20 25 30
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Fig. 7. Average normal stress results of the single-ﬁber composite with Ef/Em = 2 subject to outer surface shear loading over ﬁnite length:
(a) average normal stress in ﬁber and sample matrix units; (b) sample interfacial shear stresses (semi-span plotted only). Results plotted for
both shear-lag and ﬁnite element (FEA) analyses.
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stresses will be considered suﬃcient in evaluating the success of the prediction method.
3.2. Unidirectional laminated composite
The second numerical example presented in this article is the unidirectional laminated composite with mul-
tiple constituents (and therefore multiple modulii ratios) shown in Fig 8(a). The laminate is composed of layers
of glass ﬁber reinforced polymer (GFRP) sheets, epoxy matrix and glass ﬁbers. The glass ﬁbers could represent
embedded optical ﬁber sensors (here approximated as square rather than circular cross-sections).The partic-
ular conﬁguration was chosen, however, to demonstrate the ability of the shear-lag method to consider mate-
rials with orthotropic material properties and multiple modulii ratios. The GFRP sheet layers were modeled as
transversely isotropic, while the glass ﬁbers and the epoxy matrix were modeled as isotropic, whose material
properties are listed in Table 1. The dimensions of the laminate and discretization of the cross-section into 45
units are shown in Fig. 8(b). The discretization for the ﬁnite element model was the same as for the previous
single-ﬁber composite. The length of the beam was kept consistent with the previous simulations at
L = 60 mm, as well as the ﬁxed end condition at y = L.
For this unidirectional laminated composite, two separate loading conditions were applied to the ﬁnite ele-
ment model. The ﬁrst loading condition was a normal stress applied over a 1 mm length of the upper and
lower GFRP layers as shown in Fig. 9(a). The stress ﬁeld was applied on both layers to maintain symmetric
loading about the midplane and therefore prevent bending of the laminate. The second loading condition was
an ‘‘equivalent” shear loading condition applied on the upper and lower surfaces of the laminate, over a dis-
tance to create the same total applied force as shown in Fig. 9(b). While, these two loading conditions are not
the same, the goal was to determine whether the shear-lag model could be used for a restricted group of nor-
mal stresses boundary conditions. Only the loading condition of Fig. 9(b) was applied to the shear-lag model,
using the superposition method described for the previous single-ﬁber composite example.glass fibers
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Fig. 8. (a)Unidirectional laminated compositewith embedded optical ﬁbers; (b) division of cross-section into 45 unit cells.All dimensions are
in mm.
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Fig. 10. Unit stress results for unidirectional laminated composite predicted using normal stress boundary conditions (FEA), shear stress
boundary conditions (FEA) and shear stress boundary conditions (shear-lag): (a) average normal stress in sample ﬁber and matrix units;
location of ﬁber and matrix units highlighted in red on inset ﬁgure; (b) sample interfacial shear stresses.
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Fig. 9. Applied loadings for unidirectional laminated smart structure composite: (a) unit normal stress, r = 1 MPa, applied to top and
bottom GFRP sheets along 1 mm width (area highlighted in red); (b) ‘‘equivalent” local shear stress s = 1 MPa applied on the top and
bottom surfaces of laminate along same width.
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4066 G. Jiang, K. Peters / International Journal of Solids and Structures 45 (2008) 4049–4067Fig. 10 plots the predicted normal stresses in two of the glass ﬁber units and two of the CFRP units and two
of the interfacial shear stresses at the CFRP – glass boundaries. The results are plotted for the FEA solutions
using both the normal stress boundary conditions of Fig. 9(a) and the ‘‘equivalent” shear stress boundary con-
ditions of Fig. 9(b). As for the previous simulations, the shear-lag prediction of the average normal stresses are
better than those of the interfacial shear stresses, however, the predictions are quite good for both sets of stres-
ses. These results demonstrate the ability of the current shear-lag model to incorporate a multiple materials
with diﬀerent modulii, rather than a single high ﬁber to matrix stiﬀness ratio.
In addition, the diﬀerence in average normal stresses due to the normal stress boundary conditions and the
shear stress boundary conditions calculated using FEA is considerably less than the diﬀerence between the
shear-lag and FEA predictions for the average normal stress based on shear stress boundary conditions. These
results indicate that the shear-lag method could be applied to obtain approximate average normal stresses for
either boundary condition using the concept of ‘‘equivalent” shear stresses. Naturally, this does not imply that
the shear-lag method could be used to model any normal stress boundary condition. In particular, when nor-
mal stresses are applied to unit cells within the inner domain of the cross-section it may be diﬃcult to produce
an ‘‘equivalent” shear stress condition, although the shear stress boundary conditions can be applied to inter-
facial shear stresses within the interior of the laminate as well.4. Conclusions
In this article, we derive a shear-lag model for three-dimensional unidirectional multilayered structures
based on the extension of a previous optimal shear-lag model for two-dimensional planar geometries. Solution
methods for a variety of shear stress boundary conditions are presented. The prediction of stress distribution
in a single-ﬁber composite and unidirectional laminated composite demonstrate that the current shear-lag
method can be used to rapidly estimate the average normal stress distribution in the various constituents.
The method is also applicable for low stiﬀness ratio composites, including the laminate example with multiple
material constituent modulii ratios. Such a capability is extremely useful for the real-time prediction of sensor
responses when embedded in laminated structures.
The modeling of an example applied normal stress is demonstrated through an ‘‘equivalent” shear stress
boundary condition. Future work would be required to specify when such a substitution is appropriate and
how such a substitution would be made for normal stresses applied to elements within the interior of the
cross-section. Future work could also derive more appropriate shape functions than the linear ones applied
in this work, for example, functions suitable for constituents with other than rectangular cross-sections.Acknowledgement
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